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EQUIVARIANT K-THEORY AND HIGHER CHOW GROUPS OF
SCHEMES
AMALENDU KRISHNA
Abstract. For a smooth quasi-projective scheme X over a field k with an action of a
reductive group, we establish a spectral sequence connecting the equivariant and the ordinary
higher Chow groups of X. For X smooth and projective, we show that this spectral sequence
degenerates, leading to an explicit relation between the equivariant and the ordinary higher
Chow groups. We obtain several applications to algebraic K-theory.
We show that for a reductive group G acting on a smooth projective scheme X, the
forgetful map KGi (X)→ Ki(X) induces an isomorphism K
G
i (X)/IGK
G
i (X)
≃
−→ Ki(X) with
rational coefficients. This generalizes a result of Graham to higher K-theory of such schemes.
We prove an equivariant Riemann-Roch theorem, leading to a generalization of a result of
Edidin and Graham to higher K-theory. Similar techniques are used to prove the equivariant
Quillen-Lichtenbaum conjecture.
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1. Introduction
Based on the ideas of Morel-Voevodsky [29] and Totaro [36] for the Borel construction of
the classifying spaces of linear algebraic groups, the theory of equivariant higher Chow groups
was formalized in the present form in [13]. Totaro studied the Chow ring of the algebraic
classifying spaces of linear algebraic groups in [36]. His model for the classifying space was also
defined independently by Morel-Voevodsky [29] to study the motivic cohomology of infinite
dimensional schemes (represented in the A1-homotopy category as motivic sheaves). The
Borel style equivariant motivic cohomology groups were used by Voevodsky [40] (without
highlighting their formal definition) in his work on the reduced power operations in motivic
cohomology.
There has been a considerable amount of work in recent past to understand the equivariant
Chow groups and to relate them with the equivariant K-theory. One of the motivations in
the study of equivariant higher Chow groups is the study of their relation with the ordinary
(non-equivariant) higher Chow groups of schemes. In particular, one would like to know if
there are tools which can be used to study one in terms of the other.
2010 Mathematics Subject Classification. Primary 14C40, 14C35; Secondary 14C25.
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It turns out that compared to their non-equivariant companions, the equivariant K-theory
or the Chow groups are often easier to compute (see, for instance, [6] and [24]). Hence, any
formula relating these two would be helpful in the study of the ordinary higher K-theory and
Chow groups of schemes with group action. The goal of this paper is to prove some results
in this direction and provide several important applications to higher K-theory.
1.1. The main results. Let k be a field. Let G be a smooth linear algebraic group over
k which acts linearly (see § 2.1) on an equi-dimensional quasi-projective k-scheme X. For
i ≥ 0, let CH∗G(X, i) = ⊕
j≥0
CHjG(X, i) denote the equivariant higher Chow groups of X.
These groups and their basic functorial properties are recalled in § 2.2 of this text. The ring
S(G) := CH∗G(Spec (k), 0) is called the Chow ring of the classifying space of G. This is a Z-
algebra with an augmentation S(G)։ Z. One of the properties of equivariant Chow groups is
the forgetful map CH∗G(X, i) → CH
∗(X, i) from the equivariant to the ordinary higher Chow
groups (see (2.6)).
For a split reductive group G over k, we write tG for its torsion index [18]. The torsion index
is a positive integer, which is equal to one if G is special in the sense of Grothendieck–Serre,
i.e., all e´tale locally trivial G-torsors are Zariski locally trivial. The special reductive groups
over algebraically closed fields were classified by Grothendieck and Serre. Over arbitrary
fields, these groups were recently classified by Huruguen [20].
The main results of this text can be stated as follows. The underlying notations and
definitions can be found in the body of the text.
Theorem 1.2. Let G be a split reductive group acting on a smooth quasi-projective scheme
X over k. Then there is a convergent homological spectral sequence
(1.3) E2p,q = Tor
S(G)
p (Z,CH
∗
G(X, q))[t
−1
G ]⇒ CH
∗(X, p + q)[t−1G ]
such that its edge homomorphism CH∗G(X, q)⊗S(G)Z[t
−1
G ]→ CH
∗(X, q)[t−1G ] is induced by the
forgetful map.
The above spectral sequence yields the algebraic analogue of the topological Eilenberg-
Moore spectral sequence [15]
(1.4) E2p,q = Tor
H∗G(pt)
p,q (Z,H
∗
G(X,Z))⇒ H
p+q(X,Z)
in equivariant singular cohomology.
To see the connection between the two spectral sequences, recall that for a topological space
X with an action of a topological group G, there is a topological fibration X → X
G
× EG→
BG, where BG is the classifying space of G and EG→ BG is a universal fiber bundle for the
group G. An application of the Eilenberg-Moore machinery [15] to this fibration yields (1.4).
On the algebraic side, we have the A1-homotopy theory of Morel-Voevodsky [29], where
the notion of fibrations of motivic sheaves makes sense. Given a reductive group G over k,
there is a motivic sheaf BG as an object of the A1-homotopy category H(k). Similarly, given
an action of G on a smooth scheme X, there is a motivic sheaf X
G
× EG in H(k) and there is
morphism X
G
× EG→ BG with fiber X. Theorem 1.2 then says that in this algebraic set up
too, the Eilenberg-Moore type spectral sequence exists.
EQUIVARIANT K-THEORY AND HIGHER CHOW GROUPS 3
Let G be a reductive group acting on a quasi-projective k-scheme X. If XG denotes the
fixed point locus for this action, we have XG
G
× EG ≃ XG×BG. This gives rise to a diagram
CH∗(XG, q)⊗Z S(G) //

CH∗G(X
G, q)

CH∗(X, q)⊗Z S(G) //❴❴ CH
∗
G(X, q),
where the horizontal arrow on the top is the external product map and the vertical arrows
are the push-forward maps. Our next result shows that the dotted arrow can be completed
to an isomorphism in certain cases.
Theorem 1.5. Let G be a split reductive group acting on a smooth projective scheme X over
k and let q ≥ 0 be any integer.
(1) If G is a split torus, there is an isomorphism of S(G)-modules
CH∗(X, q)⊗ZS(G)
≃
−→ CH∗G(X, q).
(2) The natural map
rGX : CH
∗
G(X, q) ⊗S(G) Z[t
−1
G ]→ CH
∗(X, q)[t−1G ]
is an isomorphism.
1.6. Applications. We now give some important applications of the above results. As the
first consequence of Theorem 1.5, we prove the following generalization of the results of
Merkurjev [28, Corollary 10] and Graham [17, Theorem 1.1] to higher K-theory of smooth
projective schemes.
For a smooth linear algebraic group G, let R(G) denote the representation ring of G. This is
another name of the Grothendieck group KG0 (k) of G-equivariant vector bundles on Spec (k).
Let IG denote the ideal of R(G) which consists of the virtual representations of G of rank
zero. That is, IG is the kernel of the rank map R(G) → Z. For a G-scheme X, let KG∗ (X)
(resp. GG∗ (X)) denote the homotopy groups of theK-theory spectrum of G-equivariant vector
bundles (resp. coherent sheaves) onX. Let K̂Gi (X) denote the completion of the R(G)-module
KGi (X) with respect to the augmentation ideal IG.
Theorem 1.7. Let G be a reductive group acting on a smooth projective scheme X over k.
Then for all i ≥ 0, the forgetful map KGi (X)→ Ki(X) induces an isomorphism
(1.8) KGi (X)/IGK
G
i (X)
≃
−→ Ki(X)
with rational coefficients. In particular, the natural map KGi (X)Q → Ki(X)Q is surjective.
Graham had proven this result for theK0 of any scheme with an action of a reductive group.
Merkurjev proved this for K0 (with integral coefficients) for those groups whose commutator
subgroups are simply connected. In general however, it is necessary to tensor the K-groups
with Q to prove the surjectivity of the forgetful map (see [17, Example 4.1]).
We shall show that (see Example 6.10) Theorem 1.7 no longer holds if X is a smooth
quasi-projective k-scheme which is not necessarily projective, and if i 6= 0.
Our second application of Theorems 1.2 and 1.5 is the following generalization of the
equivariant Riemann-Roch theorem of Edidin and Graham [14, Theorem 4.1] to higher K-
theory. This also gives a refinement of the more general equivariant Riemann-Roch theorems
of [25] for smooth projective schemes and smooth quasi-projective toric varieties.
Theorem 1.9. Let G be a reductive group acting on a smooth quasi-projective scheme X over
k. Assume one of the following.
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(1) X is projective.
(2) X is a toric variety and G is the dense torus of X.
(3) G = Gm.
Then for every i ≥ 0, there is a Riemann-Roch isomorphism
τGX : K̂
G
i (X)Q
≃
−→
∞∏
j=0
CHjG(X, i)Q
As an analogue of Theorem 1.9 for the equivariantK-theory with finite coefficients, we prove
the following equivariant version of the Quillen-Lichtenbaum conjecture. For a C-scheme X,
let Xan denote the associated analytic space X(C).
Theorem 1.10. Let G be a reductive group acting on a smooth quasi-projective scheme X of
dimension d over C. Let M be a maximal compact subgroup of the Lie group Gan. Let p be a
prime number. Then the natural map
ρX : K
G
i (X;Z/p
ν)→ KMi (X
an;Z/pν)
is an isomorphism for i ≥ d− 1 and a monomorphism for i = d− 2.
For other applications, we refer the reader to [38, Chap. 16], where the spectral sequence (1.3)
for the action of split tori was used by Totaro to independently construct an Eilenberg-Moore
spectral sequence for the equivariant higher Chow groups for actions of split reductive groups.
This spectral sequence was then used by him to compute the motivic cohomology of spaces
like GLn/G, given a faithful representation G→ GLn of a reductive group.
Remark 1.11. In all the results stated above, it is assumed that the underlying group is
split reductive. However, these results hold for the action of any smooth connected linear
algebraic group G, provided the ground field k is perfect and the reductive quotient of G is
split. The reason for this is that any smooth connected linear algebraic group over a perfect
field has a smooth unipotent radical. Since a smooth unipotent group over a perfect field
admits a composition series with successive subquotients isomorphic to the additive group,
the homotopy invariance reduces the general case to the reductive case.
1.12. Brief outline of this paper. Our construction of the spectral sequence is based on a
technique developed by Levine [27] to generalize Quillen’s localization sequence in algebraic
K-theory. In § 2, we briefly recall the definition and basic properties of the equivariant higher
Chow groups. We also recall Levine’s notion of n-cubes in a category and explain as to how
these n-cubes give rise to a tower of simplicial abelian groups and the resulting Bousfield-Kan
spectral sequence.
§ 3 is devoted to the construction of the claimed Eilenberg-Moore spectral sequence in the
case of a split torus action. To do this, we adapt Levine’s technique to produce a spectral
sequence with an easily described E1-page. By combining this spectral sequence with some
geometric inputs, we are able to compute the d1-differentials and identify the E2-page ex-
plicitly. The general case is proven in § 4 by reducing to the case of maximal tori of split
reductive groups. This reduction is achieved through Theorem 4.5.
In § 5, we use the results of Bialynicki-Birula to obtain an integral presentation of the
equivariant higher Chow groups of smooth projective schemes with a split torus action. This
presentation is used to prove Theorem 1.5. In § 6, we give applications of Theorems 1.2
and 1.5 to the equivariant K-theory. The final section consists of a proof of the equivariant
Quillen-Lichtenbaum conjecture.
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2. Equivariant Chow Groups and Bousfield-Kan Spectral Sequence
The main tool we shall use to construct the equivariant to ordinary higher Chow groups
spectral sequence is a technique developed by Levine [27] to generalize Quillen’s localization
sequence in algebraic K-theory. We shall construct a spectral sequence based on Levine’s idea
and then prove Theorem 1.2 by suitably identifying the terms of this spectral sequence.
2.1. Basic Notations. We shall fix a base field k and let Schk denote the category of
separated schemes which are of finite type over k. The full subcategory of Schk consisting of
smooth schemes over k will be denoted by Smk. We shall assume all linear algebraic groups
to be smooth over k. Recall that an action of a linear algebraic group G on X ∈ Schk is said
to be linear, if X admits a G-equivariant ample line bundle. When G is connected and X is
normal and quasi-projective over k, Sumihiro [32, Theorem 2.5] showed that any G-action on
X can be linearized. This assumption of connectedness was later removed by Thomason [35,
5.7]. But it was essential for Thomason’s argument that X be still quasi-projective. Apart
from this, we also need to use Bloch’s localization sequence for higher Chow groups, which
requires one to assume the underlying scheme to be quasi-projective.
We shall therefore assume throughout this text that all schemes in Schk with G-action are
quasi-projective over k with linear G-action. We shall denote the category of such schemes
by SchGk . The full subcategory of Sch
G
k consisting of smooth k-schemes will be denoted by
SmGk . Recall that a reductive group G is split (over k), if it admits a maximal torus which
is split over k (i.e., is a product of some copies of Gm/k). In this text, we shall assume all
representations of G to be rational and finite-dimensional.
2.2. Equivariant Chow groups. Let G act on an equi-dimensional scheme X over k and let
j ≥ 0 be an integer. A good pair for G-action (corresponding to j) is a rational representation
V of G and a G-invariant open U ⊆ V such that the following hold.
(1) G acts freely on U such that the quotient U/G is smooth and quasi-projective over k.
(2) The complement V \ U has codimension bigger than j.
It is known that the good pairs always exist [14, Lemma 9]. Moroever, the mixed quotient
X
G
× U is a quasi-projective scheme (see [13, Proposition 23], [25, Lemma B.1]) and is smooth
over k if X is so. We shall often denote this mixed quotient by XG, if the pair (V,U) is
understood. The equivariant higher Chow group CHjG (X, i) is defined as the homotopy group
Hi(Z
j(XG, •)) of the simplicial abelian group Z
j(XG, •) whose associated chain complex via
the Dold-Kan correspondence is the Bloch’s cycle complex of the scheme XG. The groups
CHjG(X, i) are independent of the choice of a good pair (V,U). We let
CH∗G(X, i) = ⊕j≥0CH
j
G(X, i), CH
∗
G(X, •) = ⊕i≥0CH
∗
G(X, i) and CH
∗
G(X) = CH
∗
G(X, 0).
Let JG denote the kernel of the augmentation map S(G)։ Z, where S(G) = CH
∗(BG) :=
CH∗G(Spec (k)) coincides with Totaro’s Chow group of the classifying space BG [36]. The
following result summarizes most of the essential properties of the equivariant higher Chow
groups that are used in this text.
Proposition 2.3. ([24, Proposition 2.2]) The equivariant higher Chow groups as defined above
satisfy the following properties.
(1) Functoriality : Covariance for proper maps, contravariance for flat maps and their
compatibility. That is, for a Cartesian square
X ′
g′
//
f ′

X
f

Y ′ g
// Y
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in SchGk with f proper and g flat, one has g
∗◦f∗ = f
′
∗◦g
′∗ : CH∗G(X, i)→ CH
∗
G(Y
′, i).
Moreover, if f : X → Y is a morphism in SchGk with Y in Sm
G
k , then there is a pull-
back map f∗ : CH∗G(Y, i) → CH
∗
G(X, i). All pull-back and push-forward maps are
S(G)-linear.
(2) Homotopy : If f : X → Y is an equivariant affine bundle, then f∗ : CH∗G(Y, i)
≃
−→
CH∗G(X, i).
(3) Exterior product : There is a natural product map
CH∗G(X, i)⊗CH
∗
G(Y, i
′)→ CH∗G(X × Y, i+ i
′).
Moreover, if f : X → Y is such that Y ∈ SmGk , then there is a pull-back via the graph
map Γf : X → X × Y , which makes ⊕i≥0CH
∗
G(Y, i) a bigraded ring and ⊕i≥0CH
∗
G(X)
a module over this ring. In particular, CH∗G(X, i) an S(G)-module for X ∈ Sch
G
k and
i ≥ 0.
(4) Localization : If Y ⊂ X is a G-invariant closed subscheme with complement U , then
there is a long exact localization sequence of S(G)-modules
· · · → CH∗G(Y, i)→ CH
∗
G(X, i)→ CH
∗
G(U, i)→ CH
∗
G(Y, i− 1)→ · · · .
This sequence is compatible with the proper push-forward and flat pull-back maps of
higher Chow groups.
(5) Chern classes : For any G-equivariant vector bundle of rank r, there are equivariant
Chern classes cGl (E) : CH
j
G(X, i) → CH
j+l
G (X, i) for 0 ≤ l ≤ r, having the same
functoriality properties as in the non-equivariant case and cG0 (E) = 1.
(6) Projection formula : For a proper map f : X → Y in SchGk with Y smooth, and for
x ∈ CH∗G(X), y ∈ CH
∗
G(Y ), one has f∗ (f
∗(y) · x) = y · f∗(x).
(7) Free action : If G acts freely on X with quotient Y ∈ Schk, then there is a canonical
isomorphism CH∗G(X, i)
≃
−→ CH∗(Y, i).
Remark 2.4. The reader should be warned that various isomorphisms between the (equivari-
ant) higher Chow groups in the above proposition are true only up to some obvious shift in
the dimension of cycles, which we chose not to highlight.
Another remark is that part (2) of the proposition is proven in [24, Proposition 2.2] only
for equivariant vector bundles. But the same proof works more generally for any equivariant
affine bundle. Recall here that a G-equivariant affine bundle over X ∈ SchGk is a morphism
φ : Y → X in SchGk , where f : V → X is a G-equivariant vector bundle and φ is a torsor
under V so that φ and the action map V ×X Y → Y are both G-equivariant. Recall also that
an An-fibration in Schk is a flat morphism π : Y → X such that the scheme-theoretic fiber
over every point (not necessarily closed) x ∈ X is isomorphic to Ank(x). One says that such a
fibration is locally trivial in some topology τ on Schk if there is a τ -covering X
′ → X such
that X ′ ×X Y ≃ X
′ × Ank .
Now, given a G-equivariant affine bundle φ : Y → X, a good pair (V,U) for G gives rise
to a G-equivariant affine bundle φU : Y × U → X × U . In turn, this yields an An-fibration
Y
G
× U → X
G
× U for some integer n ≥ 0 (which is locally trivial in the fppf -topology).
On the other hand, the invariance of the ordinary higher Chow groups under An-fibration
is well known and is an easy consequence of their nil-invariance, localization and homotopy
invariance (for trivial An-fibration) properties, and the noetherian induction.
We recall recall from [13] that if H ⊂ G is a closed subgroup and if (V,U) is a good pair,
then for X ∈ VG, the natural map of quotients X
H
× U → X
G
× U is a smooth morphism (an
e´tale locally trivial G/H-fibration) and hence there is a natural restriction map
(2.5) rGH,X : CH
∗
G (X, i)→ CH
∗
H (X, i) .
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Taking H = {1}, one obtains the forgetful map
(2.6) rGX : CH
∗
G (X, i)→ CH
∗ (X, i) .
Moreover, as rGH,X is the pull-back under a flat (in fact, a smooth) map, it commutes (see
Proposition 2.3) with the pull-back for any flat map, and with the push-forward for any proper
map in SchGk . We remark here that although the definition of r
G
H,X uses a good pair (V,U),
it is easy to check from the homotopy invariance that rGH,X is independent of the choice of the
good pair (V,U).
The following are the analogues for equivariant Chow groups of the Morita isomorphisms
in equivariant K-theory.
Proposition 2.7. ([24, Corollary 3.2]) Let H ⊂ G be a closed subgroup and let X ∈ SchHk .
Then for any i ≥ 0, there is a natural isomorphism
(2.8) CH∗G(G
H
× X, i)
≃
−→ CH∗H (X, i) .
Proposition 2.9. ([24, Proposition 3.3]) Let G be a reductive group over k. Let B be a Borel
subgroup of G containing a maximal torus T over k. Then for any i ≥ 0 and X ∈ SchBk , the
restriction map
(2.10) CH∗B (X, i)
rB
T,X
−−−→ CH∗T (X, i)
is an isomorphism.
Theorem 2.11. ([24, Theorem 8.5]) Let G be a reductive group and let T be a split maximal
torus of G. Then for any X ∈ SchGk and i ≥ 0, the natural map of S(T )-modules
(2.12) λX : CH
∗
G (X, i) ⊗
S(G)
S(T )→ CH∗T (X, i)
is an isomorphism with rational coefficients. This is a ring isomorphism if X ∈ SmGk and we
take sum over all i ≥ 0.
2.13. n-cubes and associated spectral sequence. Recall that the n-cube 〈n〉 is the cate-
gory of subsets (including the empty set) of the set {1, · · · , n} with morphisms being inclusions
of subsets. An n-cube X∗ in a category C is a covariant functor X : 〈n〉 → C. For any I ∈ 〈n〉,
we denote the object X(I) by XI . For n ≥ 2, we let X∗/n denote the restriction of X∗ to the
subsets of {1, · · · , n−1} and let X∗⊃n denote the restriction of X∗ to the subsets of {1, · · · , n}
containing n. The inclusion I →֒ I ∪ {n} defines a natural transformation of (n − 1)-cubes
r(X∗) : X∗/n → X∗⊃n.
Let ∆Ab denote the category of simplicial abelian groups. Recall from [16, Theorem 2.8]
that ∆Ab admits a closed model structure in which weak equivalences are isomorphisms
of homotopy groups, fibrations are the Kan fibrations of underlying simplicial sets and the
cofibrations are given by the left lifting property with respect to maps which are fibrations
and weak equivalence.
If we let Ch−
Ab
denote the category of bounded above chain complexes of abelian groups
and define weak equivalence to be quasi-isomorphism, fibration to be levelwise surjection,
then we get a closed model structure on Ch−
Ab
. The Dold-Kan correspondence gives a Quillen
equivalence of model categories Ch−
Ab
≃ ∆Ab, and hence an equivalence of their homotopy
categories (see [16, Chap. III, § 2] for details). We shall make no further distinction between
these homotopy categories for the rest of this text, and denote this common homotopy category
by D−(Ab).
Given an n-cube X∗ in ∆Ab, we define an object fibX∗ in ∆Ab, which is functorial in
cubes, as follows. For n = 1, we take fibX∗ to be the homotopy fiber of the obvious map
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X∅ → X{1}. For n ≥ 2, we inductively define fibX∗ to be the homotopy fiber of the natural
map fib(r(X∗)) : fibX∗/n → fibX∗⊃n of the homotopy fibers of (n−1)-cubes. Given an n-cube
X∗ in ∆Ab and p ≥ 0, let X∗≥p denote the n-cube gotten from X∗ by replacing the simplicial
abelian group XI with the zero object {∗} of ∆Ab whenever |I| < p. This gives us a tower of
n-cubes
{∗} → X∗≥n → X∗≥n−1 → · · · → X∗≥0 = X∗.
Associated to this tower, one gets a Bousfield-Kan type spectral sequence [5, Chap. X, § 6]
(see also [27, § 1])
(2.14) E(X∗) : E
1
p,q = ⊕
|I|=p
π−q(XI)⇒ π−q−p (fibX∗) ,
where the E1-differential is the alternating sum of the maps π∗(XI⊂I∪j) between the homotopy
groups, induced by
XI⊂I∪j : XI → XI∪j , j /∈ I.
In particular, for any eI ∈ π−q(XI), we have
(2.15) d1p,q(eI) =
∑
1≤i1<···<in−p≤n
ij /∈I
(−1)j−1π−q(XI⊂I∪ij )(eI).
3. Proof of Theorem 1.2: the torus case
Let T be a split torus over k of rank r ≥ 1. In order to prove Theorem 1.2 for T -action, our
approach is to look at the inclusion T →֒ Ark and filter its complement by T -invariant linear
subspaces. A consideration of the cycle complexes associated to these subspaces gives rise to
an r-cube in ∆Ab. We complete the proof of the theorem by suitably identifying the terms
of the resulting spectral sequence.
3.1. n-cubes associated to torus action on a scheme. Let us fix a basis {χ1, · · · , χr} of
the character group T∨ ≃ Zr. We define an action of T on Ark by t.x = y, where yi = χi(t)xi
for 1 ≤ i ≤ r. Let Hi be the coordinate hyperplane in Ark given by the equation (xi = 0).
Then each Hi is a T -invariant closed subscheme of Ark and T ≃ A
r
k\
r
∪
i=1
Hi. For any element
I ∈ 〈r〉, let
HI =
{
∩
i/∈I
Hi if I 6= {1, · · · , n}
Ark if I = {1, · · · , n}.
For I ⊂ J , we have the natural inclusion HI ⊂ HJ and H∅ =
r
∩
i=1
Hi. From this, we see
that for a T -scheme X, the assignment I 7→ X × HI gives an r-cube X∗ in the category of
T -invariant closed subschemes of X ×Ark via the diagonal action of T on the product. Let rI
denote the dimension of HI .
Let j ≥ 0 be an integer and let (Vj , Uj) be a good pair for T -action corresponding to j + r.
Set Z
(j)
I = Z
j+rI ((X ×HI)
T
× Uj , •). The following is then straightforward to check.
Lemma 3.2. The assignment I 7→ Z(j) with inclusions sent to push-forward of cycles defines
an n-cube in ∆Ab.
We let Z
(j)
∗ denote the n-cube considered in Lemma 3.2 and let Z∗ =
∐
j≥0
Z
(j)
∗ .
Lemma 3.3. There is a natural isomorphism in D−(Ab):
fibZ∗
≃
−→
∐
j≥0
Zj+r((X × T )
T
× Uj , •)[−r].
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Proof. We shall prove the lemma by induction on the length r = |〈r〉| of cubes. For r = 1,
this is simply the localization fiber sequence of Bloch [3, Theorem 3.3]:
Zj((X × {0})
T
× Uj , •)→ Z
j+1((X × A1k)
T
× Uj , •)→ Z
j+1((X × T )
T
× Uj, •).
Assuming r ≥ 2 and the lemma holds for r′ ≤ r−1, we have fibZ
(j)
∗ = fib(fibZ
(j)
∗/r → fibZ
(j)
∗⊃r)
in the above notations. Unwinding the definitions, one checks that Z
(j)
∗/r is canonically identi-
fied with the functor Z(j) applied to Hr ≃ A
r−1
k with closed subschemes {Hr ∩H1, · · · ,Hr ∩
Hr−1}. Setting Hr,l = Hr ∩Hl for 1 ≤ l ≤ r − 1, it follows by induction that
(3.4) fibZ
(j)
∗/r ≃ Z
j+r−1((X × (Hr\
r−1
∪
l=1
Hr,l))
T
× Uj , •)[−r + 1]
in D−(Ab).
On the other hand, Z
(j)
∗⊃r is isomorphic to the functor Z
(j)
∗ applied to the (r − 1)-cube of
closed subschemes of Ark given by X(I) = ∩
l /∈I
1≤l≤r−1
Hl for I ⊂ {1, · · · , r − 1}. It follows again
by induction that
(3.5) fibZ
(j)
∗⊃r ≃ Z
j+r((X × (Ark\
r−1
∪
l=1
Hl))
T
× Uj, •)[−r + 1].
The lemma now follows by combining (3.4), (3.5), the localization fiber sequence
Zj+r−1((X × (Hr\
r−1
∪
l=1
Hr,l))
T
× Uj, •)→ Z
j+r((X × (Ark\
r−1
∪
l=1
Hl))
T
× Uj, •)
→ Zj+r((X × (Ark\
r
∪
l=1
Hl))
T
× Uj , •)
and the identification Ark\
r
∪
l=1
Hl = T . 
Using Lemma 3.3 and taking the homotopy groups of ZI and fibZ∗, the spectral se-
quence (2.14) in our case becomes
(3.6) E1p,q = ⊕
|I|=r−p
CH∗T (X ×HI , q)⇒ CH
∗
T (X × T, p+ q).
Since T acts freely on itself and hence on X × T with quotient X, it follows from Propo-
sition 2.3(7) that the abutment of this spectral sequence is isomorphic to CH∗(X, •). We
therefore get a spectral sequence
(3.7) E1p,q = ⊕
|I|=r−p
CH∗T (X ×HI , q)⇒ CH
∗(X, p + q).
To complete the proof of Theorem 1.2 for the torus T , we shall now identify the E1-terms
and the differentials of the spectral sequence (3.7). We shall use the following general result
for this purpose.
Lemma 3.8. Let G be a linear algebraic group acting on a smooth quasi-projective scheme X
over k. Let E
p
−→ X be a G-equivariant line bundle on X and let X
f
−→ E be the zero-section
embedding. Then there exists a pull-back map CH∗G(E, •)
f∗
−→ CH∗G(X, •) such that f
∗◦p∗ = id
and f∗ ◦ f∗ is the action of c
G
1 (E) on CH
∗
G(X, •).
Proof. By choosing a good pair (V,U) for the G-action and considering the appropriate mixed
quotients, we are reduced to proving the non-equivariant version of the lemma.
Given a finite collection of irreducible closed subsets C of E and integers j, p ≥ 0, we let
ZjC(X, p) be the subgroup of Z
j(X, p) generated by integral closed subschemes Z ⊂ X ×∆p
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such that for each C ∈ C and each face F ⊂ ∆p, we have dim(Z∩(C×F )) ≤ dim(C)+dim(F )−
j. It is straightforward to check that {ZjC(X, p)}p≥0 together form a subcomplex of Z
j(X, •)
(see, for instance, [26, Definition 1.9]). One knows that a combination of the localization
sequence for the cycle complexes of all quasi-projective schemes (possibly singular) from [4]
and the moving lemma for smooth projective schemes from [3] proves that the inclusion
ZjC(E, •) →֒ Z
j(X, •) is a quasi-isomorphism. In our case, we conclude that the inclusion
ZjX(E, •)→ Z
j(E, •) is a quasi-isomorphism.
On the other hand, there is a natural map ZjX(E, •)
f∗
−→ Zj(X, •) given by intersecting any
cycle with X. From this, it is clear that the induced map f∗ ◦ p∗ on CH∗(X, •) is identity.
Moreover, since X is a Cartier divisor on E and since f∗ is defined by intersection with X,
one has f∗ ◦ f
∗ = c1(L), where L is the line bundle on E defined by the zero-section. In
particular, we have for any x ∈ CH∗(X, •),
f∗ ◦ f∗(x) = f
∗ ◦ f∗(f
∗ ◦ p∗(x))
= f∗(c1(L) · p
∗(x))
= f∗(c1(L)) · (f
∗ ◦ p∗(x))
= c1(f
∗(L)) · x
= c1(NX/E) · x
= c1(E) · x
and this proves the lemma. 
3.9. The equivariant to ordinary Chow groups spectral sequence. We now identify
the E1-terms and differentials of the spectral sequence (3.7) with the help of (2.15) and
Lemma 3.8. For a fixed I ∈ 〈r〉 with |I| = r − p and j /∈ I, let J = I ∪ {j}. We can then
identify HJ with HI×A1k, where the action of T on this product is induced by the action of T
on Ark as described above. Identifying CH
∗
T (X ×HI , q) and CH
∗
T (X ×HJ , q) with CH
∗
T (X, q)
via the homotopy invariance (see Proposition 2.3(2)), the differential of (3.7) is given by the
composite
CH∗T (X, q)
ι∗−→ CH∗T
(
X × A1k, q
) ι∗
−→ CH∗T (X, q) ,
where ι is the zero-section embedding.
It follows from Lemma 3.8 that this composite map is multiplication by cT1 (N), where N
is the equivariant normal bundle of the origin in the one-dimensional representation A1k of T .
On the other hand, this representation is given by a generator χ of G∨m with corresponding
line bundle Lχ. As the class of χ in K
T
0 (k) is given by χ− 1, we get c
T
1 (N) = c
T
1 (χ− 1) = Lχ.
We conclude from this and the description of the differentials in (2.15) that
d1p,q : ⊕
|I|=r−p
CH∗T (X ×HI , q)→ ⊕
|J |=r−p+1
CH∗T (X ×HJ , q)
is of the form
(3.10) d1p,q(xeI) =
p∑
l=1
(−1)l−1(Lχilx)eI∪il ,
where {i1, · · · , ip} = I
c = {1, · · · , r} \ I. Here, xeI denotes an element x ∈ CH
∗
T (X, q) under
the identification CH∗T (X, q)
≃
−→ CH∗T (X ×HI , q).
Let S = S(T ) denote the ring CH∗T (k, 0). One knows that this is isomorphic to the polyno-
mial ring Z[t1, · · · , tr], where tl is the cycle class of the line bundle Lχl (see [13, § 3.2]). Let
K• =
r
⊗
l=1
K•(S
tl−→ S) denote the Koszul resolution of S/JT .
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Lemma 3.11. There is a canonical isomorphism of the complexes of S-modules
E1•,q
≃
−→ K•⊗SCH
∗
T (X, q) ,
where E1•,q is the spectral sequence (3.7).
Proof. The terms of K• are given by Kp =
⊕
1≤i1<···<ip≤r
Sei1 · · · eip , which is a free S-module
of rank
(p
r
)
with basis {fI = ei1···eip |1 ≤ i1 < · · · < ip ≤ r} for 1 ≤ p ≤ r and K0 = S. The
differentials of this complex are given by
d(ei1···eip ) =
p∑
l=1
(−1)l−1tilei1···îl···eip
for 1 ≤ p ≤ r and d(el) = tl for p = 1. Comparing this with (3.10), it is now easy to see that
the map φ : E1•,q → K•⊗SCH
∗
T (X, q), given by φ (xeI) = xfIc, yields the desired isomorphism
of the two complexes. 
We now prove the torus part of Theorem 1.2, restated as follows.
Theorem 3.12. Let T be a split torus acting on a smooth quasi-projective scheme X over k.
Then there is a convergent homological spectral sequence
(3.13) E2p,q = Tor
S(T )
p (Z,CH
∗
T (X, q))⇒ CH
∗(X, p + q)
such that the edge homomorphism CH∗T (X, i)⊗S(T )Z → CH
∗(X, i) is induced by the forgetful
map CH∗T (X, i)→ CH
∗(X, i).
Proof. We have seen above that K• is a free S-module resolution of Z = S/JT . Hence, it
follows at once from Lemma 3.11 that there is a convergent spectral sequence as in (3.13)
with the desired E2-terms. Moreover, (3.7) shows that this spectral sequence converges to
CH∗(X, p + q). 
Example 3.14. We give an example to demonstrate how the spectral sequence of Theorem 3.12
works. We first remark that the homological nature of this spectral sequence implies (see [42,
§ 5.2]) that the differential of this spectral sequence is given by dr : Erp,q → E
r
p−r,q+r−1.
Moreover, there is a filtration
0 = F−1CH
∗(X,n) ⊆ · · · ⊆ Fp−1CH
∗(X,n) ⊆ FpCH
∗(X,n) ⊆
· · · ⊆ FtCH
∗(X,n) = CH∗(X,n)
such that E∞p,q = Fp/Fp−1.
Now consider T = Gm acting on itself by left multiplication which is the restriction of the
linear action of Gm on A1k with weight 1. In particular, we have S(T ) ≃ Z[t], the polynomial
ring. It follows from Proposition 2.3(4) that there is a split exact sequence
(3.15) 0→ CHjGm(k, i)→ CH
j
Gm
(Gm, i)→ CH
j−1
Gm
(k, i− 1)→ 0.
We have a similar split exact sequence of ordinary higher Chow groups.
Since BGm ≃ P∞k , the projective bundle formula for the ordinary Chow group yields
CH∗Gm(k, 1)
∼= Z[t]⊗ZCH
∗(k, 1) and
CH∗Gm(k, 0)
∼= Z[t]⊗ZCH
∗(k, 0).
Combining these identifications with (3.15), we get
(3.16) CH∗Gm(Gm, 1)
∼= (k∗ ⊗Z Z[t])⊕ Z[t][−1], CH
∗
Gm(Gm, 0)
∼= Z[t],
CH∗(Gm, 1) = k
∗ ⊕ Z, and CH∗(Gm, 0) = Z.
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In particular, we have
(3.17) Z⊗Z[t]CH
∗
Gm(Gm, 1)
≃
−→ CH∗(Gm, 1).
Now we compute CH∗(Gm, 1) using Theorem 3.12. It is easy to see that
(3.18) E2p,q =

Z⊗Z[t]CH
∗
Gm(Gm, q) if p = 0
(CH∗Gm(Gm, q))tor if p = 1
0 otherwise .
This gives an exact sequence
0→ Z⊗Z[t]CH
∗
Gm(Gm, 1)→ CH
∗(Gm, 1)→ CH
∗
Gm(Gm, 0))tor → 0.
Since the right end term is zero by (3.16), we see that this yields the same answer as in (3.17)
(but in a much shorter way).
4. Proof of Theorem 1.2: the general case
In this section, we shall use Theorem 3.12 to complete the proof of Theorem 1.2. We first
prove some intermediate results about the relation between the equivariant Chow groups for
the action of a split reductive group and its maximal tori. These results are of independent
interest. Let us fix a reductive group G, a split maximal torus T ⊂ G of rank r and a Borel
subgroup B ⊂ G containing T . Recall from § 1.1 that tG denotes the torsion index of G. One
knows that tG is the order of the cokernel of the map rG/B : S(T )N → CH
N (G/B, 0) ≃ Z,
where N = dim(G/B).
Let R denote the ring Z[t−1G ]. Since we wish to work with R-modules in this section, we
shall assume all abelian groups in this section to be tensored with R (over Z).
4.1. Reduction to the case of split tori. Recall from (2.5) that for X ∈ SchGk , there is a
restriction map CH∗G(X, •)→ CH
∗
T (X, •) which induces a map of S(T )-modules
(4.2) λX : CH
∗
G(X, •) ⊗S(G) S(T )→ CH
∗
T (X, •).
This is an S(T )-algebra homomorphism if X is smooth.
The forgetful map from the equivariant to the ordinary Chow groups yields an S(G)-linear
map rG/B : CH
∗
G(G/B)⊗S(G)R→ CH
∗(G/B). Identifying CH∗G(G/B) with S(T ) ≃ S(B) (see
[24, Corollary 3.2, Proposition 3.3]), we get the so called characteristic ring homomorphism
rG/B : S(T )⊗S(G) R→ CH
∗(G/B).
Lemma 4.3. The map rG/B is an isomorphism.
Proof. This is proven for cobordism in [23, Corollary 5.2] and a similar (also simpler) proof
also works for Chow groups. We present here another (but related) proof. Let W = N(T )/T
denote the Weyl group of G. Then W acts naturally on S(T ) ≃ CH∗T (k) as S(G)-algebra ho-
momorphisms. Let S(T )W denote the ring of invariants. It follows from [8, Theorem 10.2] (and
the comments following the theorem) that the map rTG/B : S(T ) ⊗S(T )W S(T ) → CH
∗
T (G/B)
is an S(T )-algebra isomorphism. On the other hand, it follows from [24, Theorem 5.7] that
the map S(G)→ S(T )W is an isomorphism. We conclude that the characteristic map
(4.4) rTG/B : S(T )⊗S(G) S(T ) ≃ S(T )⊗S(G) CH
∗
G(G/B)→ CH
∗
T (G/B)
is an isomorphism.
Since G/B is smooth and projective over k, it follows immediately from Theorem 3.12 that
the map CH∗T (G/B)⊗S(T ) R→ CH
∗(G/B) is an isomorphism. In particular, we get
S(T )⊗S(G) R ≃ (S(T )⊗S(G) S(T ))⊗S(T ) R ≃ CH
∗
T (G/B) ⊗S(T ) R ≃ CH
∗(G/B)
and this proves the lemma. 
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We wish to prove the following refinement of Theorem 2.11. Analogous result for the
equivariant K-theory of GLn-action (more generally, groups whose commutator subgroup is
simply connected) was proven by Merkurjev [28, Proposition 8].
Theorem 4.5. For any X ∈ SchGk , the map λX of (4.2) is an isomorphism.
Proof. We shall closely follow the proof of [24, Theorem 8.5] but will supply the necessary
details. As shown in ibid., it suffices to show that for any k-scheme Y and a G-torsor f : X →
Y , the natural map
(4.6) λY : CH
∗(Y, •)⊗S(G)S(T )→ CH
∗(X/B, •)
is an isomorphism. It suffices to show that λY is an isomorphism after localizing at every
prime p not dividing tG. So we fix such a prime p. We shall prove the theorem by noetherian
induction on Y , which we can assume to be reduced. For any map Y ′ → Y in Schk, we let
XY ′ = X ×Y Y
′.
If f is the trivial G-torsor so that G/B × Y
f
−→ Y is the trivial flag bundle, we get
CH∗(Y, •) ⊗S(G) S(T ) ≃ CH
∗(Y, •) ⊗CH∗(k)
(
CH∗(k)⊗S(G) S(T )
)
≃1 CH∗(Y, •) ⊗CH∗(k) CH
∗(G/B)
≃2 CH∗(Y ×G/B, •),
where ≃1 follows from Lemma 4.3 and ≃2 follows from [24, Lemma 6.2].
In general, it follows from [18, The´ore`me 2] that every G-torsor over any given scheme point
of Y becomes trivial after a finite separable field extension of degree prime to p. We remark
here that this result was proven by Grothendieck only for the geometric points. It was later
generalized to the case of all points of Y by Totaro [37, Theorem 1.1]. We conclude from this
that there is a non-empty open subset j : U →֒ Y and a finite e´tale cover g : U ′ → U of degree
prime to p such that f becomes trivial over U ′.
We have a commutative diagram of the flat pull-back and proper push-forward maps
(4.7) CH∗(U, •) ⊗S(G) S(T )
λU //
g∗

CH∗(XU/B, •)
g∗

CH∗(U ′, •) ⊗S(G) S(T )
λU′ //
g∗

CH∗(XU ′/B, •)
g∗

CH∗(U, •) ⊗S(G) S(T )
λU // CH∗(XU/B, •)
such that the composite vertical arrows are multiplication by an integer not divisible by p.
Since λU ′ is an isomorphism after localization at p, we conclude that the same holds for λU
too.
We let i : Z →֒ Y be the complement of U and consider the commutative diagram of
localization exact sequences
(4.8)
CH∗(U, •)
⊗
S(T )
∂ //
λU

CH∗(Z, •)
⊗
S(T )
λZ

ι∗ //
CH∗(Y, •)
⊗
S(T )
λX

j∗
//
CH∗(U, •)
⊗
S(T )
∂ //
λU

CH∗(Z, •)
⊗
S(T )
λZ

CH∗(XU/B, •) // CH
∗(XZ/B, •) // CH
∗(X/B, •) // CH∗(XU/B, •) // CH
∗(XZ/B, •),
where the tensor product in the top row is over the ring S(G). It follows from [24, Theorem 5.7]
that the canonical map S(G) → S(T )W is a ring isomorphism. On the other hand, [11,
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The´ore`me 2] says that S(T ) is a free S(T )W -module of finite rank. It follows that the top
row is exact. The second and the third squares commute by the compatibility of λY with the
push-forward and the pull-back maps.
To see that the first square commutes, let us consider an element a⊗ b ∈ CH∗(U, •)⊗S(T ).
If we map this horizontally, we get ∂(a)⊗ b which is mapped vertically down to b · f∗Z ◦ ∂(a).
Since the localization sequence of higher Chow groups is compatible with respect to the flat
pull-back, this last term is same as b · ∂ ◦ f∗U(a). On the other hand, mapping a⊗ b vertically
down gives b · f∗U (a) and if we map this horizontally, we get ∂ (b · f
∗
U (a)). Since the horizontal
maps in the bottom row are S(T )-linear (see [24, Proposition 2.2]), we conclude that the first
(hence the fourth) square commutes.
We have shown above that (after localization at p) the first and the fourth vertical arrows
in (4.8) are isomorphisms. The second and the fifth vertical arrows are isomorphisms by
noetherian induction. We conclude from 5-lemma that λY is an isomorphism. 
Proof of Theorem 1.2: Let X ∈ SmGk and let C• ։ CH
∗
G(X, q) be a free S(G)-module
resolution of CH∗G(X, q) for an integer q ≥ 0. We saw during the proof of Theorem 4.5 that
S(T ) is a free S(G)-module of finite rank. We can thus apply Theorem 4.5 to conclude that
C•⊗S(G)S(T ) is a free S(T )-module resolution of CH
∗
T (X, q). This in turn implies that
(4.9) TorS(G)p (R,CH
∗
G(X, q))
≃
−→ TorS(T )p (R,CH
∗
T (X, q))
for all p, q ≥ 0. We conclude the proof by Theorem 3.12. 
4.10. Applications of Theorem 1.2: We conclude this section with some important ap-
plications of Theorem 1.2. Our first application is the following explicit relation between
the equivariant and the ordinary Chow groups of schemes with group action. Its significance
comes from the fact that the equivariant Chow groups are often simpler objects to deal with
and there are various techniques to compute them (e.g., see [6]). So the result below allows
us to compute (the more difficult) ordinary Chow groups of such schemes. When G is a split
torus, this recovers [6, Corollary 2.3]. The proof is immediate from the spectral sequence (1.3).
Corollary 4.11. Let G be a split reductive group acting on a smooth quasi-projective scheme
X over k. Then the forgetful map
CH∗G(X) ⊗S(G) R→ CH
∗(X)
is an isomorphism of R-modules. This is a ring isomorphism if X is smooth over k.
The second application of Theorem 1.2 is the following explicit relation between equivariant
and ordinary higher Chow groups of schemes with Gm-action. The proof follows easily using
the computations in (3.18).
Corollary 4.12. For a smooth quasi-projective scheme X over k with Gm-action and an
integer n ≥ 0, there is a natural exact sequence
0→ Z⊗Z[t]CH
∗
Gm(X,n)→ CH
∗(X,n)→ (CH∗Gm(X,n − 1))tor → 0.
4.12.1. Higher Chow groups of principal and flag bundles. Let X be a smooth quasi-projective
k-scheme and let f : E → X be a torsor for a split reductive group G. Let B be a Borel
subgroup of G containing a split maximal torus T . An important result of Vistoli [39, Theo-
rem 3.1] in the intersection theory of principal and flag bundles says that the pull-back map
f∗ induces an isomorphism
CH∗(X)Q ⊗S(G)Q S(T )Q
≃
−→ CH∗(E/B)Q.
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Using this, Vistoli [39, Corollary 3.2] obtains an isomorphism
CH∗(X)Q ⊗S(G)Q Q
≃
−→ CH∗(E)Q.
As our next application, we obtain the following full generalizations and refinements of
above two results. The part (1) of the result below follows at once from Theorem 4.5 and
Proposition 2.3(7). The part (2) follows immediately from Theorem 1.2, Corollary 4.11 and
Proposition 2.3(7).
Theorem 4.13. Given a G-torsor f : E → X as above, the following hold.
(1) For every q ≥ 0, the natural map
CH∗(X, q)⊗S(G)S(T )→ CH
∗(E/B, q)
is an isomorphism.
(2) There is a convergent spectral sequence
E2p,q = Tor
S(G)
p (R,CH
∗(X, q))⇒ CH∗(E, p + q).
The edge homomorphism induces an isomorphism
CH∗(X)⊗S(G)R
≃
−→ CH∗(E).
5. Degeneration of spectral sequence for projective schemes
In this section, we shall prove the degeneration of the spectral sequence (1.3) for smooth
projective schemes. Our main tool to prove this is the following stratification theorem for the
action of a split torus.
Theorem 5.1 (Bialynicki-Birula, Hesselink, Iverson). Let T be a split torus acting on a
smooth projective scheme X over a field k. Then:
(1) The fixed point locus XT is a smooth closed subscheme of X.
(2) There is an ordering XT =
n∐
j=0
Zj of the connected components of X
T , a filtration of
X by T -invariant closed subschemes
∅ = X−1 ⊂ X0 ⊂ · · · ⊂ Xn = X
and maps φj : Xj \ Xj−1 → Zj for 0 ≤ j ≤ n which are all T -equivariant affine
bundles.
The part (1) of the above theorem was proven by Iverson [21] when k is algebraically closed.
Both parts of the theorems were proven by Bialynicki-Birula [2] when k is algebraically closed.
In this case, Bialynicki-Birula [2] actually showed that maps φj : Xj\Xj−1 → Zj for 0 ≤ j ≤ n
which are all T -equivariant vector bundles. The most general case of the theorem was proven
by Hesselink [19].
Proposition 5.2. Let T be a split torus acting on a smooth projective scheme X over k. Let
Zj’s be the connected components of X
T as in Theorem 5.1. Then for every q ≥ 0, there is
an isomorphism of S(T )-modules
n
⊕
j=0
CH∗T (Zj , q)
≃
−→ CH∗T (X, q).
Proof. We prove the proposition by induction on the length of the filtration. For n = 0, the
inclusion Z0 →֒ X0 is the 0-section embedding of the T -equivariant affine bundle X = X0
φ0
−→
Z0. Hence, the proposition follows from the homotopy invariance (see Remark 2.4).
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We now assume by induction that 1 ≤ m ≤ n and we have an S(T )-module decomposition
(5.3)
m−1
⊕
j=0
CH∗T (Zj, q)
≃
−→ CH∗T (Xm−1, q).
The localization exact sequence for the inclusions im−1 : Xm−1 →֒ Xm and jm : Wm =
Xm\Xm−1 →֒ Xm of the T -invariant closed and open subschemes yields a long exact sequence
of S(T )-linear maps
(5.4)
· · · → CH∗T (Xm−1, q)
i(m−1)∗
−−−−−→ CH∗T (Xm, q)
j∗m−−→ CH∗T (Wm, q)
∂
−→ CH∗T (Xm−1, q − 1)→ · · · .
Using (5.3), it suffices now to construct an S(T )-linear splitting of the pull-back j∗m in order
to prove the proposition.
Let Vm ⊂ Wm × Zm be the graph of the projection Wm
φm
−−→ Zm and let Ym denote the
closure of Vm in Xm × Zm. Then Ym is a T -invariant closed subset of Xm × Zm and Vm is
T -invariant and open in Ym. We consider the composite maps
(5.5) pm : Vm →֒Wm × Zm →Wm, qm : Vm →֒Wm × Zm → Zm and
pm : Ym →֒ Xm × Zm → Xm, qm : Ym → Xm × Zm → Zm
in SchTk . Note that pm is a projective morphism since Zm is projective. The map qm is
smooth and pm is an isomorphism.
We consider the diagram
(5.6) CH∗T (Zm, q)
q∗m //
φ∗m ≃

CH∗T (Ym, q)
pm∗

CH∗T (Wm, q) CH
∗
T (Xm, q).j∗m
oo
The map φ∗m is an isomorphism by the homotopy invariance. We also observe that the map
q∗m exists since Zm is smooth (see Proposition 2.3(1)). It suffices to show that this diagram
commutes. For, the map sm := pm∗ ◦ q
∗
m ◦ φ
∗
m
−1 will then give the desired splitting of the
map j∗m. Note that sm is S(T )-linear since so are all the maps in (5.6).
We now consider the commutative diagram in SchTk :
Xm Wm
jm
oo
Ym
pm
OO
qm $$❏
❏❏
❏❏
❏❏
❏❏
❏
Vm
pm
OO
qm

jmoo Wm
id
ee❏❏❏❏❏❏❏❏❏
(id,φm)
oo
φmyytt
tt
tt
tt
t
Zm.
Since the top left square is Cartesian with pm projective and jm an open immersion, it follows
that j∗m ◦ pm∗ = pm∗ ◦ j
∗
m. Now, using the fact that (id, φm) is an isomorphism, we get
j∗m ◦ pm∗ ◦ q
∗
m = pm∗ ◦ j
∗
m ◦ q
∗
m = pm∗ ◦ q
∗
m
= pm∗ ◦ (id, φm)∗ ◦ (id, φm)
∗ ◦ q∗m = id∗ ◦ φ
∗
m
= φ∗m.
This proves the commutativity of (5.6) and hence the proposition. 
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Remark 5.7. We remark that the non-equivariant version of Proposition 5.2 is known to
exist in the literature in various forms. For instance, in view of the comparison of Chow
motives and Voevodsky’s derived category of motives and the relation between the motivic
cohomology and higher Chow groups, the non-equivariant version follows from the results of
Brosnan [7]. The results of Brosnan build on the earlier work of Karpenko [22], generalized
by Chernousov-Gille-Merkurjev [9] (see also [10]).
Using Proposition 5.2, we obtain the following explicit relation between equivariant and
ordinary higher Chow groups of smooth projective schemes with torus action. The case q = 0
of this result was earlier proven by Brion (see [6, Corollaries 2.3 and 3.1]).
Theorem 5.8. Let T be a split torus acting on a smooth projective scheme X over k. Then
for every q ≥ 0, there is an isomorphism of S(T )-modules
(5.9) CH∗(X, q)⊗ZS(T )
≃
−→ CH∗T (X, q).
Proof. Since T acts trivially on each Zj , it follows from Proposition 5.2 and [25, Theorem 2.4]
that there are S(T )-module isomorphisms
(
n
⊕
j=0
CH∗(Zj , q))⊗ZS(T ) ≃
n
⊕
j=0
(CH∗(Zj , q)⊗ZS(T ))
≃
−→
n
⊕
j=0
CH∗T (Zj , q)
≃
−→ CH∗T (X, q).
On the other hand, if we apply Proposition 5.2 by taking T = {1}, we see that the top left
term is same as CH∗(X, q)⊗ZS(T ). This yields (5.9). 
The following generalization of [6, Theorem 3.2] to the equivariant higher Chow groups is
immediate from Theorem 5.8.
Corollary 5.10. Let T be a split torus acting on a smooth projective scheme X over k. Then
for every q ≥ 0, the S(T )Q-module CH
∗
T (X, q)Q is free.
As an application of Theorem 5.8, we now prove the following main result of this section.
Recall from § 4 that tG denotes the torsion index of a split reductive group G.
Theorem 5.11. Let G be a split reductive group acting on a smooth projective scheme X
over k and let q ≥ 0 be any integer. Then the natural map
CH∗G(X, q) ⊗S(G) Z[t
−1
G ]→ CH
∗(X, q)[t−1G ]
is an isomorphism. If G is not necessarily split, then this map is an isomorphism with rational
coefficients.
Proof. We assume throughout the proof that we work with Z[t−1G ]-modules. In view of Theo-
rem 1.2, we only need to show that E2p,q = 0 for p 6= 0 in the spectral sequence (1.3). We first
assume that G = T is a split torus. Let C• ։ CH
∗(X, q) be a free resolution of CH∗(X, q)
as Z-module. Since S(T ) is a polynomial algebra over Z, it follows from Theorem 5.8 that
C•⊗Z S(T ) is a free resolution of CH
∗
T (X, q) as S(T )-module. Using this resolution, it follows
immediately that E2p,q = 0 for p 6= 0.
We next let G be a split reductive group with a split maximal torus T and let C• ։
CH∗G(X, q) be a free resolution of CH
∗
G(X, q) as S(G)-module. It follows from Theorem 4.5
that C•⊗S(G)S(T ) is a free resolution of CH
∗
T (X, q) as S(T )-module. Since the augmentation
map S(G) → Z factors through S(G) → S(T ) → Z, it follows from the case of torus that
E2p,q(G) = E
2
p,q(T ) = 0 for p 6= 0.
Suppose now that G is a reductive group which is not necessarily split over k. By [12,
Expose´ XXII, Corollaire 2.4], there is a finite Galois extension l/k with Galois group Γ such
that Gl is a split reductive group. Let CH
∗
G (Xl, i) denote the equivariant higher Chow groups
of Xl for the action of Gl. It then follows from [25, Lemma 3.3 and Remark 3.4] that Γ
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acts on CH∗G(Xl, i) and CH
∗
G(X, i) is its Galois invariant. The same holds for CH
∗(X, i). Let
tr : CH∗G(Xl, i)→ CH
∗
G(X, i) denote the trace map
tr(x) =
1
|Γ|
Σ
γ∈Γ
γ(x).
Let JGCH
∗
G(X, i) denote the image of JGlCH
∗
G(Xl, i) under the trace map. Then we get a
commutative diagram
(5.12) 0 // JGCH
∗
G(X, i)
//
 _

CH∗G(X, i)
//
 _

CH∗(X, i)
 _

// 0
0 // JGlCH
∗
G(Xl, i)
//

CH∗G(Xl, i)
//
tr

CH∗(Xl, i) //
tr

0
JGCH
∗
G(X, i)
  // CH∗G(X, i)
// CH∗(X, i).
The composite vertical maps in the middle and the right columns are the identity by the
definition of the trace map. Hence the composite left vertical map is also the identity. The
middle row is exact since Gl is split. A simple diagram chase now shows that the top row
must also be exact, which proves the theorem. 
6. Applications to equivariant K-theory
We shall now apply Theorems 1.2 and 1.5 to answer some well known questions in equi-
variant K-theory of smooth projective schemes. Since all our results in this section will be
with rational coefficients, our convention will be that an abelian group A will actually mean
the group A⊗ZQ.
6.1. The forgetful map in K-theory. To prove the surjectivity of the forgetful map from
the equivariant to the ordinary K-theory of schemes, we begin with the following result. For a
linear algebraic group G, let R̂(G) denote the IG-adic completion of the ring R(G). Similarly,
we denote the JG-adic completion of the ring S(G) by Ŝ(G). One of the consequences of the
Riemann-Roch theorem of [14] is that there is a ring isomorphism
(6.2) chGk : R̂(G)
≃
−→ Ŝ(G).
Recall from § 1 that for a linear algebraic group G acting on a smooth schemeX, K̂Gi (X) de-
notes the IG-adic completion of K
G
i (X). Let
̂CH∗G(X, i) denote the JG-adic completion of the
S(G)-module CH∗G(X, i). We define the R̂(G)-module K˜
G
i (X) to be the groupK
G
i (X)⊗R(G)R̂(G).
We similarly define the Ŝ(G)-module ˜CH∗G(X, i) to be the group CH
∗
G(X, i)⊗S(G)Ŝ(G). We
recall from [25, Theorem 1.2] that there is a functorial Chern character map
(6.3) chGX : K
G
i (X)→
˜CH∗G(X, i).
Given a closed subgroup H ⊆ G, let CH∗G(X, i)
sG
H−−→ CH∗H(X, i) and K
G
i (X)
rG
H−−→ KHi (X)
denote the restriction maps on equivariant Chow groups and K-theory.
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Lemma 6.4. Let G be a linear algebraic group acting on a smooth quasi-projective scheme
X over k and let H ⊆ G be a closed subgroup. Then there is a commutative diagram
KGi (X)
chGX //
rG
H

˜CH∗G(X, i)
sG
H

KHi (X)
chHX
// ˜CH∗H(X, i).
Proof. By [25, Corollary 3.10], the map ˜CH∗G(X, i) →
∞∏
j=0
CHjG(X, i) is injective. Hence we
can replace the former by the latter group in the above diagram. Now, it suffices to check
that for any α ∈ KGi (X) and any j ≥ 0, the j-th components of s
G
H ◦ ch
G
X(α) and ch
H
X ◦ r
G
H(α)
are same in the product
∞∏
j=0
CHjH(X, i). So we fix j ≥ 0 and choose a good pair (V,U) for
the G-action corresponding to n ≫ j. Then (V,U) is a good pair for the H-action as well.
From the construction of the equivariant Chern character map (see [25, Proposition 4.1]), it
suffices now to show that the diagram
KGi (X)
//

Ki(X
G
× U) //

CH∗(X
G
× U, i)

KHi (X)
// Ki(X
H
× U) // CH∗(X
H
× U, i)
commutes. Let us quickly recall the left horizontal arrows. A G-equivariant vector bundle
F on X pulls back to a G-equivariant vector bundle π∗(F) on X × U via the projection
X × U
pi
−→ X. The faithfully flat descent associated to the G-torsor X × U → X
G
× U then
defines a unique vector bundle π∗F//G on X
G
× U . This assignment at the level of the exact
categories of vector bundles defines the map KG∗ (X)→ K∗(X
G
× U) on K-theory.
The left square in the above diagram clearly commutes, and the right square commutes
by the contravariance property of the non-equivariant Chern character for the maps between
smooth schemes. 
Theorem 6.5. Let G be a reductive group acting on a smooth projective scheme X over k.
Then for all i ≥ 0, the forgetful map KGi (X)→ Ki(X) induces an isomorphism
(6.6) KGi (X)/IGK
G
i (X)
≃
−→ Ki(X)
with rational coefficients. In particular, the natural map KGi (X)Q → Ki(X)Q is surjective.
Proof. Applying Lemma 6.4 for H = {1} and noting that the forgetful maps have factoriza-
tions
KGi (X)→ K
G
i (X)⊗R(G)Q→ Ki(X),
˜CH∗G(X, i)→
˜CH∗G(X, i)⊗Ŝ(G)Q→ CH
∗(X, i),
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we get a diagram
(6.7) KGi (X)
chGX //

˜CH∗G(X, i)

KGi (X)⊗R(G)Q
rGX

// ˜CH∗G(X, i)⊗Ŝ(G)Q
sGX

Ki(X)
chX
// CH∗(X, i).
Next we apply [25, Theorem 1.2] to see that the map chGX of (6.3) factors as
(6.8) KGi (X)→ K˜
G
i (X)
c˜h
G
X−−→ ˜CH∗G (X, i)
such that c˜h
G
X is an isomorphism of R̂(G)-modules. In particular, c˜h
G
X and hence ch
G
X takes
IGK
G
i (X) to JG
˜CH∗G(X, i). This shows that the map ch
G
X in (6.7) descends to a map
KGi (X)⊗R(G)Q
ch
G
X−−→ ˜CH∗G(X, i)⊗Ŝ(G)Q
such that the above diagram commutes.
We claim that ch
G
X is an isomorphism. For this, we first note that c˜h
G
X is an isomorphism
of R̂(G)-modules by [25, Theorem 1.2]. The claim now follows by tensoring both sides of c˜h
G
X
with R̂(G)/IGR̂(G) ≃ Ŝ(G)/JGŜ(G) ≃ Q and then using the isomorphisms
KGi (X)⊗R(G)Q
≃
−→ KGi (X)⊗R(G)(R(G)/IG)
≃
−→ K˜Gi (X)⊗R̂(G)(R̂(G)/IGR̂(G)).
It follows from Theorem 5.11 and the isomorphism
(6.9) CH∗G(X, i)⊗S(G)Q
≃
−→ ˜CH∗G(X, i)⊗Ŝ(G)Q
that the map sGX in the diagram (6.7) is an isomorphism. The bottom horizontal map chX
in this diagram is an isomorphism by the non-equivariant Riemann-Roch theorem [3, Theo-
rem 9.1]. We conclude that the map rGX is also an isomorphism. In particular, the forgetful
map KGi (X)→ Ki(X) is surjective. This finishes the proof of the theorem.

Example 6.10. This example shows that the projectivity assumption is essential in Theo-
rem 6.5. Let Gm act on itself by multiplication. Then the quotient map π : Gm → Gm/Gm
is same as the structure map π : Gm → Spec (k). In particular, it follows from [25, Propo-
sition A.1(6)] that the forgetful map KGmi (Gm) → Ki(Gm) is same as the pull-back map
π∗ : Ki(k)→ Ki(Gm). So it suffices to show that π∗ is not surjective with Q-coefficients.
The open embedding j : Gm →֒ A1k gives us the localization sequence
0→ K1(A
1
k)
j∗
−→ K1(Gm)→ K0(k)→ 0.
The homotopy invariance shows that j∗ can be identified with the pull-back map π∗ : K1(k)→
K1(Gm). Any choice of a k-rational point of Gm now shows that the above sequence is split
exact. We conclude that π∗ is not surjective since K0(k)Q ≃ Q.
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6.11. Equivariant Riemann-Roch theorem. We now apply Theorem 5.11 to generalize
the equivariant Riemann-Roch theorem of Edidin-Graham [14, Theorem 4.1] to higher K-
theory of smooth projective schemes. In addition, we shall prove this Riemann-Roch theorem
for all smooth quasi-projective toric varieties. Recall from [25, Theorem 4.6] that for every
i ≥ 0, there is a Riemann-Roch map
(6.12) τGX : K̂
G
i (X)→
∞∏
j=0
CHjG(X, i).
Theorem 6.13. Let G be a reductive group acting on a smooth quasi-projective scheme X
over k. Assume one of the following.
(1) X is projective.
(2) X is a toric variety and G is the dense torus of X.
(3) G = Gm.
Then the Riemann-Roch map τGX is an isomorphism.
Proof. By [25, Corollary 1.3], the Riemann-Roch map τGX has a factorization
K̂Gi (X)→
̂CH∗G(X, i)→
∞∏
j=0
CHjG(X, i)
and the first map is an isomorphism. Hence we only need to show that the second map is
also an isomorphism. By [25, Proposition 3.2(3)], we only need to show that CH∗G(X, i) is
generated as S(G)-module by a (possibly infinite) set S of homogeneous elements of bounded
degree.
When X is projective, Theorem 5.11 shows that the map
CH∗G(X, i)/JGCH
∗
G(X, i)→ CH
∗ (X, i)
is an isomorphism. Since the latter is a graded module of bounded degree, say d, this isomor-
phism implies that
CH∗G(X, i) ⊂ CH
∗
G(X, i)≤d + JG(CH
∗
G(X, i)≤d) ⊂ S(G)(CH
∗
G(X, i)≤d).
If X is a smooth quasi-projective toric variety with dense torus T , it follows from [24,
Corollary 11.5] that there is an S(T )-module isomorphism (with Q-coefficients)
CH∗(k, i) ⊗Q CH
∗
T (X)
≃
−→ CH∗T (X, i).
Since CH∗(k, i) is a graded Q-module of bounded degree for all i ≥ 0, it follows from Corol-
lary 4.11 (and the above argument for X projective) that the graded S(T )-module on the left
of this isomorphism is generated by homogeneous elements of bounded degree. It follows that
the same is true for CH∗T (X, i)
If T is a rank one torus acting on any smooth scheme X, we apply Corollary 4.12 to
conclude that CH∗T (X, i) ⊗S(T ) Q is an S(T )-module of bounded degree. We can now argue
as in the proof of case (1) to conclude that CH∗T (X, i) is generated by homogeneous elements
of bounded degree. 
Remark 6.14. Recall from [36, § 3] that if a linear algebraic group G acts on a scheme X,
then the Borel style equivariant algebraic K-theory of X is defined by
(6.15) KBSi (XG) = lim←−Ki(X
G
× U),
where the inverse limit is taken over the representations V of G such that (V,U) form good
pairs. Using the non-equivariant Riemann-Roch for the quotients X
G
× U and the definition
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of CH∗G(X, i), it can be easily checked that K
BS
i (XG) is canonically isomorphic (over Q) to
∞∏
j=0
CHjG(X, i). Theorem 6.13 can then be rephrased as saying that the natural map
(6.16) K̂Gi (X)→ K
BS
i (XG)
is an isomorphism for all i ≥ 0 with rational coefficients.
This is an analogue of the Atiyah-Segal completion theorem [1] for rational algebraic K-
theory. For X = Spec (k) and i = 0, this was shown earlier by Totaro [36, Theorem 3.1].
7. Equivariant K-theory with finite coefficients
Theorem 6.13 shows that the completion of the rational equivariant algebraic K-theory
(with respect to the augmentation ideal) of smooth schemes can be computed in terms
of an equivariant algebraic cohomology, namely, the equivariant Chow groups. We do not
know if there is a Riemann-Roch type theorem for the equivariant K-theory without going
to this completion. Our objective here is to give a partial answer to this question for the
equivariant K-theory with finite coefficients. This answer is given in terms the equivariant
Quillen-Lichtenbaum conjecture. This conjecture provides an explicit relation between the
algebraic and topological K-theories (with finite coefficients) of schemes over the field of com-
plex numbers. We shall show that the ordinary Quillen-Lichtenbaum conjecture also implies
its equivariant counterpart.
Let G be a reductive group over C acting on a quasi-projective C-scheme X. We shall
denote the analytic space X(C) by Xan. Let us recall from [35, § 5.3] (see also [31]) that if X
is smooth, and if M is a maximal compact subgroup of Gan, the equivariant topological K-
theory spectrum KM(Xan) of Xan is the spectrum of the classifying maps of the equivariant
topological vector bundles on Xan. It is shown in [35, § 5.3] that KM ((−)an) extends to a
Borel-Moore homology theory GM ((−)an) on SchGC . This homology theory satisfies the local-
ization, homotopy invariance and Poincare´ duality. We shall denote the ordinary topological
K-theory and G-theory of Xan by K(Xan) and G(Xan), respectively.
For a prime p, the equivariant topological G-theory with coefficient Z/pν is the smash prod-
uct of GM (Xan) with the Moore spectrum Σ∞/pν . This will be denoted by GM (Xan;Z/pν).
The transition from the algebraic to the topological vector bundles on smooth schemes in-
duces a natural map ρX : G
G(X;Z/pν) → GM (Xan;Z/pν) for all quasi-projective schemes
(see [35, Proposition 5.8]). We wish to prove the following equivariant version of the Quillen-
Lichtenbaum conjecture.
Theorem 7.1. Let G be a reductive group acting on a smooth quasi-projective scheme X of
dimension d over C. Let M be a maximal compact subgroup of the Lie group Gan. Then the
natural map
ρX : K
G
i (X;Z/p
ν)→ KMi (X
an;Z/pν)
is an isomorphism for i ≥ d− 1 and a monomorphism for i = d− 2.
We write Λ = Z/pν and R(G; Λ) = R(G)/pν for the rest of this section. We need the
following result about the ordinary K-theory to prove the above theorem.
Lemma 7.2. Let X be a C-scheme of dimension d. Then the natural map
Gi(X; Λ)→ Gi(X
an; Λ)
is an isomorphism for i ≥ d− 1 and a monomorphism for i = d− 2.
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Proof. We prove the lemma by induction on dim(X). First suppose that X is smooth. It
was shown by Suslin [30, Theorem 4.1] in this case that the lemma follows from the Bloch-
Kato conjecture, established by Voevodsky and Rost [41] . If X is singular, the isomorphism
G∗(X) ≃ G∗(Xred) allows one to assume X to be reduced.
Assume that the lemma holds for schemes of dimension less than d. If X = X1 ∪ · · · ∪Xr
is a union of its irreducible components, we let Z = X2 ∪ · · · ∪ Xr and U = X \ Z. Then
U is irreducible and Z has smaller number of irreducible components. Now, the localization
sequences (use [35, § 1, 5.3] with G = {1})
(7.3) Gi+1(U,Λ) //

Gi(Z,Λ) //

Gi(X,Λ) //

Gi(U,Λ) //

Gi−1(Z,Λ)

Gi+1(U
an,Λ) // Gi(Z
an,Λ) // Gi(X
an,Λ) // Gi(U
an,Λ) // Gi−1(Z
an,Λ)
of the algebraic and topological G-theories and an induction on the number of irreducible
components reduces the problem to the case when X is irreducible. We alert the reader here
that the case i = d− 1, d− 2 needs a more careful use of snake lemma in the above diagram
but causes no trouble.
If X is irreducible, there exists a dense open subset U ⊂ X which is smooth and hence the
complement Z = X \U has dimension smaller than d. The diagram (7.3) above and induction
on dimension together with the smooth case finish the proof. 
We recall the following construction before we prove the next result. IfG is a linear algebraic
group acting trivially on a scheme X, let CohX (resp. Coh
G
X) denote the abelian category of
coherent (resp. G-equivariant coherent) OX -modules. Then there is a natural exact functor
CohX → Coh
G
X by letting G act trivially on a coherent sheaf F . This gives a natural map of
spectra G∗(X)
f
−→ GG∗ (X). Since G
G
∗ (X) is a module spectrum over the representation ring
R(G), we obtain a natural map
(7.4) G∗(X)⊗ZR(G)→ G
G
∗ (X)
α⊗ρ 7→ ρ · f(α).
We also have a similar map on the K-theory with finite coefficients.
Lemma 7.5. Let T be a diagonalizable group acting trivially on a C-scheme X. Then the
maps
(7.6) Gi(X; Λ)⊗ΛR(T ; Λ)→ G
T
i (X; Λ), and
Gi(X
an; Λ)⊗ΛR(T ; Λ)→ G
T
i (X
an; Λ)
are isomorphisms of R(T ; Λ)-modules.
Proof. We consider the following commutative diagram of short exact sequences of Λ-modules.
(7.7) 0 // Gi(X)/p
ν⊗ΛR(T ; Λ) //

Gi(X; Λ)⊗ΛR(T ; Λ)

// Tor1Z(Gi−1(X),Λ)⊗ΛR(T ; Λ)
//

0
0 // GTi (X)/p
ν // GTi (X; Λ)
// Tor1Z(G
T
i−1(X),Λ)
// 0.
The top row is obtained by tensoring the non-equivariant version of the bottom row with
R(T ). This row is then exact since R(T ) is a flat Z-module. The left vertical arrow is an
isomorphism by [33, Lemma 5.6]. Moreover, the flatness of R(T ) also implies that the last term
on the bottom row is the same as Tor1Z(Gi−1(X)⊗ZR(T ),Λ) ≃ Tor
1
Z(Gi−1(X),Λ)⊗ZR(T ). In
particular, the right vertical arrow is an isomorphism and hence so is the middle vertical
map. The second isomorphism in (7.6) follows exactly in the same way once we know that
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the left vertical map in the topological version of the diagram (7.7) is an isomorphism. But
this follows from [31, Proposition 2.2]. 
Proof of Theorem 7.1: We in fact prove the more general statement that for any C-scheme
X of dimension d with G-action, the map
(7.8) ρX : G
G
i (X;Z/p
ν)→ GMi (X
an;Z/pν)
is an isomorphism for i ≥ d− 1 and a monomorphism for i = d− 2.
Following an idea of Thomason, we prove it by reducing to the case of torus. So we first
assume that G = T is a torus which acts trivially on X. In this case, the proposition follows
directly from Lemmas 7.2 and 7.5 using the additional known fact that R(T ) ≃ R(M).
If T does not act trivially on X, we prove the proposition by induction on dim(X). We use
Thomason’s generic slice theorem [35, Proposition 2.4] to get a dense open T -invariant open
set U ⊂ X and a diagonalizable subgroup T1 ⊂ T with quotient T2 = T/T1 such that T acts
on U via T2, which in turn acts freely on U such that U/T is a geometric quotient and there
is a T -equivariant isomorphism
U
≃
−→ (U/T )× T2
≃
−→ (U/T )
T1
× T.
In particular, we have GT (U ; Λ) ≃ GT (U/T
T1
× T ; Λ) ≃ GT1(U/T ; Λ), where the last homotopy
equivalence follows from the Morita equivalence [35, Theorem 1.10].
The topological version of the Morita equivalence follows from [31, Proposition 2.1] and
the example preceding this in [31] (see also [35, § 5.3]). In particular, we get GM (Uan; Λ) ≃
GM1((U/T )an; Λ). Since T1 acts trivially on U/T , the theorem holds for the T1-action on
U/T . Since dim(U) ≥ dim(U/T ), we conclude from the above Morita isomorphisms that the
theorem holds also for the T -action on U .
Now we set Z = X \ U , use the diagram (7.3) of localization sequences and the induction
and argue as before to conclude the proof of the theorem when G is a torus.
To prove general case, choose a maximal torus T of G and a Borel subgroup B of G
containing T . ChooseM as a maximal compact subgroup of G containing a maximal compact
subgroup M ′ of T . Then the compactness of G/B implies that G/B ≃M/M ′. We thus have
the maps of spectra
GG(X; Λ)→ GT (X; Λ)
≃
−→ GG(G/B ×X; Λ)→ GG(X; Λ)
GM (Xan; Λ)→ GM
′
(Xan; Λ)
≃
−→ GM (M/M ′ ×Xan; Λ)→ GM (Xan; Λ)
such that they are compatible under ρX and both the composite maps are identity (see [35,
Proof of Theorem 5.9]). The theorem now follows from the case of torus. 
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